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Abstract
We develop a description of the equation of state of QCD matter with restored chiral symmetry,
which is in thermal and chemical equilibrium with the hadronic phase. The hadron gas is described
with self-consistent volume corrections. The chiral phase is composed of a group of few quark
condensates, each of which corresponds to a family of hadrons with specific quark content. Between
the two phases and along the chemical freeze-out curve we apply not only the conservation of
quantum numbers, carried by quarks, but the more restrictive requirement of conservation of
particle numbers per family. For hadronic radius connected with the repulsive interaction, r0,
equal for all hadrons, we find that the pion system is responsible for the shift of the transition from
higher order (crossover) to first order. We calculate the position of the critical point as function
of r0. We present full results for a specific choice of r0.
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I. INTRODUCTION
The QCD phase diagram is a subject of intense research during the last years. This
phase diagram describes the transition to hadronic matter at lower temperatures, a phase
with equation of state (EoS) well described by different models of the Hadronic Gas (HG)
[1]. However, knowledge of the EoS of the phase at higher temperatures is accessible only
through lattice calculations that are limited mainly to the zero baryon-chemical regime [2].
The ideal quark-gluon plasma can, only, be reached at extremely high temperatures. The
region which resides at temperatures higher than the boundaries of the hadronic phase is
proposed to be associated with several exotic phases, like chiral-density waves, crystalline
colour superconductivity, gluonic phase, quakyonic matter and quark-hadron continuity [3].
The knowledge related with this region is still developing and our work aims at this direction.
Thus, in this paper we shall describe a model for the EoS at the upper temperature region
near to the transition curve to HG. We shall begin by listing a few useful, to our opinion,
observations:
(a) Chiral restoration is connected with the order parameter of chiral condensate, which
changes rather sharp with temperature. On the contrary deconfinement, connected with
the renormalized Polyakov loop, needs a higher temperature interval to be completed [4].
This suggests that chiral restoration is completed well before quarks are “dissolved” to
independent entities.
(b) In [5] an equivalent description of the Lattice results at vanishing baryonic density has
been carried out, using one particle state with mass and degeneracy factor calculated from
the fit to these results. It was found that the quark-gluon interacting system, when crossing
the critical temperature Tc, exhibits an abrupt decrease in the degeneracy factor and, also,
in the respective mass. Moreover, the minimum value of the degeneracy factor, reached just
above Tc, cannot be attributed to deconfined quark degrees of freedom, thus, leading to the
conclusion that these states should be still quark condensates.
Taking into account the aforementioned points we are led to suggest that, at higher
temperatures above the QCD transition line, the quarks exist in hadronic type condensates.
We would like to mention three additional remarks:
(c) In [6] a model has been developed which simulates the parity doubling of the nucleon. In
this model chiral symmetry and an explicit mass term for the nucleon can coexist without
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contradiction. The nucleon has a partner of opposite parity. These particles have different
masses in the broken symmetry phase (HG). However in the restored chiral phase these
masses become degenerate. In [7], with the use of lattice simulations, a similar behaviour is
found for opposite parity pairs of N , ∆ and Ω baryons.
(d) One of the proposed exotic phases, situated at high density and relatively low temper-
atures is the quarkyonic phase, which is valid for a system with a large number of colours
Nc [8]. In this matter there are quarks which form a Fermi sea, but, also, baryons which
occupy a Fermi surface. These baryonic particles are connected with phenomena like super-
conductivity and superfluidity. The significance of this quarkyonic phase in this work is the
existence of baryons at higher densities and temperatures than the hadronic phase.
(e) Another issue, which arises when considering the crossing of a transition curve to enter the
HG phase from a higher temperature phase, is the conservation of quantum numbers (baryon
number, strangeness, charge, etc.) which are carried by the quarks. This conservation is
a necessity to be added to the necessities of continuity of chemical potentials and pressure
[9], assuming thermal and chemical equilibrium between the two phases. However, these
necessities alone cannot answer how a certain number of quarks above the transition curve
can group themselves together to form certain number of hadrons. For example, conserving
the net baryonic density nb − nb¯ alone, cannot explain the multiplicities of proton and
antiprotons separately, if the sudden appearance or vanishing of quark-antiquark pairs upon
crossing the transition line is excluded as a plausible scenario.
With the consideration of the last remarks we are led to suggest our working hypothesis
in this paper: A result of the partial chiral restoration is the mass degeneracy at temperatures
above the critical temperature of all the resonances with the same quark content which exist
at temperatures below the critical one. The emerging picture we adopt is that the quark
masses are reduced with the increase of temperature, while there are still interacting to
form “hadronic-like” particles. All the resonances with the same quark content at lower
temperatures originate from the same particle state at higher temperatures. Since chiral
symmetry breaking causes increase in the mass, we cannot allow the mass of a “hadronic-
like” particle to be greater than the mass of the lowest mass hadron in the broken symmetry
phase. This hypothesis help us to solve the issue raised in remark (e) in seamless way, as
well as, to confront some technical issues which will be discussed in the following.
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II. CONSTRUCTION OF THE MODEL
The HG phase in its simplest form can be described as point particles in the Boltzmann
approximation. In this form the relevant total particle density reads:
nptHG,Bo =
T
2pi2
∑
i
λi
∑
j
gijm
2
ijK2
[mij
T
]
, (1)
where λi is the fugacity corresponding to a specific group of hadrons that have the same
quark content and which will be called as “family”. Also, λi = λ
k
Bλ
l
Sλ
n
Q if the particles of
the family carry k units of baryon number B, l units of strangeness S and n units of electric
charge Q. The index j runs over all the resonances of the i family. Since i runs over particles
and antiparticles, gij is the degeneracy factor due only to the spin of the particle and mij is
the respective mass. Equation (1) easily shows that the HG partition function is a sum of
terms, each of which corresponds to a specific fugacity.
Next we turn to the description of the QCD phase at temperatures just above the tran-
sition curve. In this phase the constituent quark masses are reduced due to the partial
chiral restoration and in effect the mass of the quark containing particle is, also, reduced.
Therefore, we shall call this phase in the following as “chiral” phase. We will, also, use the
“tilde” (˜) symbol to denote all quantities associated with this phase. Let this phase be a
sum of quark condensates which represent particles carrying fugacities λc and degeneracy
factors g˜c. Then the total particle density in the Boltzmann approximation for this phase
reads:
n˜Bo =
T
2pi2
∑
c
λcg˜cm˜
2
cK2
[
m˜c
T
]
. (2)
If the condensates of the chiral phase have the same quark content as the particles of the HG
phase, then the application of the particle conservation to an arbitrary point (T, λi) of the
transition curve is converted to the conservation of the particles per family. For N existing
families in the HG, this accounts to N equations of the form:
VHG
∑
j
gijm
2
ijK2
[mij
T
]
= V˜ g˜im˜i(T )
2K2
[
m˜i(T )
T
]
, i = 1, . . . , N , (3)
where VHG (V˜ ) is the system volume in the HG (chiral) phase. In the crossover VHG = V˜ ,
while VHG 6= V˜ in the 1st order region. The last N equations have the attribute that can
be fulfilled to every transition curve, no matter its shape. This automatically solves the
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problem that certain parametrizations of the critical curve do not succeed in tending to a
specific value of baryon-chemical potential at zero temperature (e.g. in [9]). If eqs. (3) are
valid, then the masses in the chiral phase have to be functions of temperature T .
Since chiral restoration is associated with the reduction of the quark masses, we expect
the “hadron”, which contains the relevant quarks, to reduce its mass. So we can associate the
chiral state of each family with the ground mass state of the HG phase. This HG state will
give the relevant degeneracy factor gi1 = g˜i to the respective chiral phase state. However,
by checking eqs. (3), one sees that these are impossible to be fulfilled if m˜i(T ) = mi1. A
sum of a number of terms greater than one cannot be equal to the first term only. The only
solution is to allow the term m˜i(T ) to be:
0 < m˜i(T ) ≤ mi1. (4)
Then, eqs. (3) have a chance to be fulfilled, since the functions K2
[
m˜i(T )
T
]
increase with the
reduction of masses m˜i(T ). Moreover, the particle existing in the chiral restored phase will
produce in the chiral broken (HG) phase, among other resonances, the ground state particle
with the minimum mass, mi1. Since the breaking of chiral symmetry increases mass, the
chiral mass cannot be greater than mi1. So we will set as the upper limit for the masses
m˜i(T ) the respective mass mi1 of the lowest mass hadron in the i family.
It can be checked that for some families, eqs. (3) cannot be fulfilled for any value of mass
m˜i(T ) in the range of relation (4). This fact forces us to turn to a more realistic description
of the HG phase. We have to take into account the hadron volume corrections which will
effectively reduce all the particle number densities. We will, also, use the correct quantum
statistics (Bose-Einstein of Fermi-Dirac). The volume corrections in the HG have been
accounted for in a thermodynamically consistent way which avoids negative contributions
to the system volume [10]. The partial pressure of a point particle j belonging to the i
family using the correct quantum statistics is given by:
pptij (T, µi) =
gij
2pi2
∫ ∞
0
dk
k4
(k2 +m2ij)
1/2
f(k;mij, µi, a) , (5)
f(k;mij, µi, a) ≡
[
exp
(
(k2 +m2ij)
1/2 − µi
T
)
+ α
]−1
, (6)
where α = 1 (α = −1) for bosons (fermions). If each particle carries volume vij, then the
total HG pressure can be calculated by the point particles partial pressures. The relevant
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chemical potentials µi have to be replaced by the chemical potentials µ˜i:
pHG(T, . . . , µi, . . .) =
∑
i
∑
j
pptij (T, µ˜i) , (7)
µ˜i = µi − vijpHG(T, . . . , µi, . . .) . (8)
Eq. (7) has to be solved numerically for the system pressure pHG. The density for point
particles in the Bose/Fermi statistics reads:
nptij (T, µi) =
gij
2pi2
∫ ∞
0
dkk2f(k;mij, µi, a) . (9)
Then we can proceed with the calculation of the particle densities with volume corrections:
nHG,ij(T, . . . , µi, . . .) =
nptij (T, µ˜i)
1 +
∑
r
∑
s vrsn
pt
rs(T, µ˜r)
. (10)
With the use of the volume corrections and the Bose/Fermi statistics, eqs. (3) for the equality
of particle densities between the HG and the chiral phase are replaced by:
VHG
∑
j
nHG,ij(T, µi) = V˜ n˜i(T, µi)⇒
VHG
nptij (T, µ˜i)
1 +
∑
r
∑
s vrsn
pt
rs(T, µ˜r)
= V˜
g˜i
2pi2
∫ ∞
0
dkk2f(k; m˜i(T, µi), µi, a) . (11)
The fugacities in the densities do not factorize when the Bose/Fermi statistics are used. As a
consequence, in eq. (11) the chiral states carry mass which is different between particles and
antiparticles. This dependence, which will be denoted as m˜i(T, µi), is not surprising since
we are considering matter at positive baryon densities, and we are allowing the masses of
baryons and antibaryons to change. Also, while in the Boltzamann approximation particles
and antiparticles can be grouped together in the same family, in the Bose/Fermi statistics the
particles have to form separate family from the respective antiparticles. However, as it will
become evident in the next section, the mass difference between particles and antiparticles
is small.
In the treatment of two QCD phases in equilibrium it is usual to apply the condition
of the conservation of quantum numbers carried by the quarks [9]. Here we impose the
more “restrictive” condition of the equality of the particle numbers per family. We assume
that quarks have already been grouped in condensates at the chiral phase near the transition
curve, which after chiral breaking evolve to the hadronic spectrum of the specific family. The
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conservation of these particle numbers automatically insures the conservation of quantum
numbers, e.g. for the baryon-number B:
NB,HG =
∑
i
ki
∑
j
VHGnHG,ij(T, µi) =
∑
i
kiV˜ n˜i(T, µi) = N˜B , (12)
where ki are the units of baryon-number carried in the particles of the i family, common to
both the HG and the chiral phase.
To complete the set of requirements to be applied between two phases in equilibrium we
have to demand for the equality of pressures. In the chiral phase, apart from the quark con-
densates which contribute partial pressure P˜q = T
∑
i n˜i, also the gluons show considerable
pressure [11] (for T > Tc). Thus:
PHG = P˜q + P˜g −Bv ⇒ P˜g = PHG − P˜q +Bv . (13)
where Bv accounts for the possible influence of the vacuum. Last equation can be used for
the calculation of the gluonic pressure if Bv can be determined. Eqs. (11),(13) constitute the
minimum requirements for two phases in equilibrium. Since the two phases are described
by different partition functions, continuation of higher order derivatives cannot be fulfilled.
We, also, assume that the region for the transition between the HG states and the chiral
states is small. This allows to consider the transition curve of the phase diagram as points
of equilibrium between the HG and chiral phases.
This section will be completed with the reference to the families where we have grouped
the hadronic particles. Related information is given in Table I. The used states are the ones
listed in the latest summary table of “Particle Data Group” [12]. For simplicity we have
neglected the dependence of the particles on the electric charge (λQ = 1). For this reason,
when different masses are recorded for the lowest mass HG state, we consider as such the
average value (e.g. m4,1 = (mp + mn)/2). For the lowest mass states we have, also, used
information from the classification of the hadrons in the known Quark Model scheme [12]
(see the relevant review “Quark Model” therein).
Ground
i Symbol Name Quark Content Mass mi1 gi1 λi α
State (MeV)
1 pi L.U.M., I = 1 ud¯, (uu¯− dd¯)/√2, du¯ pi+,0,− 138,03941 3 1 +1
(flavour-antisymmetric)
7
2 η L.U.M., I = 0 (uu¯+ dd¯)/
√
2 η 547,862 1 1 +1
(flavour-symmetric,
no s-quark)
3 η′ L.U.M., I = 0 c1(uu¯+ dd¯) + c2ss¯ η′(958) 957,78 1 1 +1
(flavour-symmetric,
with s-quark)
4 N N Baryons uud, udd p, n 938,918747 4 λB -1
(I = 1/2)
5 N¯ N Antibaryons u¯u¯d¯, u¯d¯d¯ p¯, n¯ 938,918747 4 λ−1B -1
(I = 1/2)
6 ∆ ∆ Baryons uuu, uud, udd, ddd ∆++,+,0,− 1232 16 λB -1
(I = 3/2) (flavour-symmetric)
7 ∆¯ ∆ Antibaryons u¯u¯u¯, u¯u¯d¯, u¯d¯d¯, d¯d¯d¯ ∆¯−−,−,0,+ 1232 16 λ−1B -1
(I = 3/2) (flavour-symmetric)
8 K Strange Mesons us¯, ds¯ K+,K0 495,644 2 λS +1
9 K¯ Antistrange d¯s, u¯s K¯0,K− 495,644 2 λ−1S +1
Mesons
10 Λ Λ Baryons uds Λ 1115,683 2 λBλ
−1
S -1
(I = 0)
11 Λ¯ Λ Antibaryons u¯d¯s¯ Λ¯ 1115,683 2 λ−1B λS -1
(I = 0)
12 Σ Σ Baryons uus, uds, dds Σ+,0,− 1193,154 6 λBλ−1S -1
(I = 1)
13 Σ¯ Σ Antibaryons d¯d¯s¯, u¯d¯s¯, u¯u¯s¯ Σ¯+,0,− 1193,154 6 λ−1B λS -1
(I = 1)
14 Ξ Ξ Baryons uss, dss Ξ0,− 1318,285 4 λBλ−2S -1
15 Ξ¯ Ξ Antibaryons d¯s¯s¯, u¯s¯s¯ Ξ¯+,0 1318,285 4 λ−1B λ
2
S -1
16 Ω Ω Baryons sss Ω− 1672,45 4 λBλ−3S -1
17 Ω¯ Ω Antibaryons s¯s¯s¯ Ω¯+ 1672,45 4 λ−1B λ
−3
S -1
TABLE I: The families where the hadrons are grouped when the Bose/Fermi statistics are used.
We list the difference in the quark content and the difference in the flavour wave function where
it exists. Also, we list the lowest mass hadron in the HG phase, which is the upper limit for the
respective mass in the chiral phase, according to eq. (4).
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In family 2, the lowest mass hadron is the f0(500) state with mass 475±75 MeV, according
to the latest publication of PDG [12]. This state in the previous publications was listed as
σ particle with mass ∼ 800 MeV. This particle is considered to be a two-pion state [13]. For
this reason this particle does not qualify to be connected with the respective chiral state of
the family and is omitted from the HG spectrum. There is not enough information of how to
distribute the Light Unflavoured Mesons (L.U.M.) with Isotopic Spin I = 0 among families
2 and 3. For this reason we consider the conservation of the inclusive particle numbers of
both families, according to the formula:
VHG
[∑
j
nHG,2j(T ) +
∑
j
nHG,3j(T )
]
= V˜ [n˜2(T ) + n˜3(T )] . (14)
Last equation does not contain enough information for fixing both the chiral masses. For
this reason we assume the ratio of the chiral masses to be equal to the respective lowest
mass HG states:
m˜2(T )
m˜3(T )
=
m2,1
m3,1
. (15)
This particular choice influences only the calculations concerning families 2 and 3.
III. A MECHANISM FOR THE CRITICAL POINT
We will consider the chemical freeze-out curve [14] as the chiral transition curve. This
curve is parametrised as:
T (µB) = 166− 0.139 · 10−3µ2B − 0.053 · 10−9µ4B , (16)
with T and µB measured in MeV. Upon this curve we shall apply the conservation of particle
numbers between the HG and the chiral phase. However, this choice is not unique. Indeed
the chemical freeze-out temperature Tch at vanishing baryon density is not undoubtedly
determined. According to different analyses this temperature is lower [15]. Any choice for
a transition curve is able to accommodate the constraints of particle conservation. The
numerical results for the densities and chiral masses, though, will depend on the particular
choice. Proceeding with the choice of eq. (16) fixes the temperature for given µB. To
determine the strangeness chemical potential we apply the zero strangeness condition in the
HG phase:
〈S〉HG (T, µB, µS) = 0 . (17)
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Last equation can be solved to determine µS for given values of T and µB. Eqs. (16),(17)
enable us to depict our calculations as function of µB alone. The conservation of particle
numbers insures the strangeness neutrality in the chiral phase, as well. Also, we will assume
that all particles have the same eigenvolume v0, connected with the hard-core particle radius
v0 = 4(4pi/3)r
3
0 [10]. Also, in [16–18] the eigenvolume was taken equal for all baryons
and mesons. In these works the radius for baryons was given by the hard-core repulsive
interaction as extracted from nucleon-nucleon scattering [19], while radius values for other
baryons was taken similar. For mesons, in the absence of detailed information on their
interactions at short distance, it was assigned the same radius value, based on the similarity
of the meson charge radii compared to baryons and on the energy dependence of the pion-
nucleon phase shifts [20].
To proceed, we will, firstly, investigate whether a solution of eqs. (11) exists. In the
crossover region, the equality of volumes, VHG = V˜ , leads to the equality of densities for the
i family: ∑
j
nHG,ij(µB) = n˜i(µB)⇒ fvc,i(µB)
∑
j
nptHG,ij(µB) = n˜i(µB)⇒
fvc,i(µB) =
n˜i(µB)∑
j n
pt
HG,ij(µB)
, (18)
where we have written the HG particle density with volume corrections as a product of the
corresponding point particle density and a volume correction factor fvc,i:
fvc,i(µB) ≡
∑
j nHG,ij(µB)∑
j n
pt
HG,ij(µB)
. (19)
In the Boltzmann approximation this correction factor is the same for all families, pro-
vided that the same radius r0 is used for all the hadrons. This does not hold for Bose/Fermi
statistics. However, it is natural to expect that the dependence of the correction factor on
the family is weak. To verify this point, we plot in Fig. 1 the factor fvc in the Bose/Fermi
statistics for the different families i and for an arbitrary hadron volume (which corresponds
to the radius r0 = 0.285 fm). It is evident from the graph that the values of this ratio are
very close for all the families. We have to point out, though, that if different radii r0 are
used for different families, the corresponding factors fvc will differ.
We shall discuss further eq. (18). The numerator of the ratio in the right hand side of
this equation attains its lowest value for chiral mass for the family m˜i = mi1, according to
10
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FIG. 1: The volume correction factor fvc for the hadronic families, with Bose/Fermi statistics for
radius r0 = 0.285 fm, as function of the baryon chemical potential µB. Since the values for most
families are close we depict calculations at intervals.
eq. (4). Since we want to find the limits of the region within which a solution for the particle
numbers exists, we calculate for each family the ratio:
Ri(µB) ≡ n˜i,min(µB)∑
j n
pt
HG,ij(µB)
=
nptHG,i1(µB)∑
j n
pt
HG,ij(µB)
, (20)
This ratio includes densities for the HG point particles and therefore is almost indepen-
dent on the value of the radius r0 which enters the volume corrections. A slight dependence
enters the ratios Ri through the strangeness chemical potential µS, determined by eq. (17),
which depends on volume corrections. To show that this dependence is negligible we depict
in lower part of Fig. 2 the solution for the strange quark chemical potential µs = µB/3−µS
for different values of the hadron radius r0. In the upper part we depict the values of Ri only
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for the families that depend on µs. We use two distant values of r0. Since the numerical
values are very close for both values of r0, we use solid line for the results corresponding
to one value of r0 and solid circles for the other. In all cases the values differ slightly, thus
making for us possible to use calculations for Ri for any value of r0. Consequently, our
conclusions based on the behaviour of the quantities Ri are practically r0 independent.
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Σ
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r0=0.205 fm
0 100 200 300 400 500 600 700 800
Baryon Chemical Potential, µB (MeV)
20
40
60
80
100
120
µ
s 
( M
e V
)
Ξ
r0=0.294 fm
r0=0.205 fm
r0=    0    fm
FIG. 2: The dependence of the ratios Ri on the radius r0 through the calculation of the strange-
quark chemical potential, µs, which solves the < S >= 0 equation. Up: The ratios Ri for the
families containing s quark, as function of µB. Solid lines correspond to r0=0.294 fm and solid
circles to r0=0.205 fm. Down: The chemical potential µs as function of µB. Open circles correspond
to r0=0.294 fm, solid circles to r0=0.205 fm, while the solid line represents the point particle case
(r0=0 fm).
We plot in Fig. 3 the values of the ratios Ri for each family. In this figure we see, firstly,
that the difference between families which contain particles and antiparticles are small.
Secondly, the ratio for the Ω, Ω¯ families seems to have the highest value. This fact has to
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be a consequence of unknown resonances in these families. For the Ω family only two states
are known, the Ω−, which is considered as the ground state, and the Ω(2250)−. As a result
the ratio for the Ω family is high since additional states are missing from the denominator.
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FIG. 3: The ratios Ri for the families i as function of µB. These quantities are equal to the
density of the lowest mass particles of each family (equal to the minimum density of the chiral
density) divided by the inclusive particle density of the family. The ratios Ri are calculated for
point particles in the Bose/Fermi statistics. Also, shown the volume correction factor for the pion
family, fvc,1 for two values of r0. The intersection of fvc,1 with R1 determines the position of the
critical point (C.P.), which is located at µBcr '251 MeV for r0 =0.285 fm and at µBcr '457 MeV
for r0 =0.26 fm.
If the discrepancy due to the Ω’s is omitted we arrive at an important observation, which
is that the ratio Ri for the pi family for given baryon chemical potential has the highest value
of all the families. Thus, if we apply the volume corrections for r0 equal for all hadrons, the
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pi’s will be the first family (i.e. for the lower value of µB) which satisfies the condition that
its chiral mass acquires the maximum allowed value1:
m˜1(µBcr) = mpi = m11 . (21)
Equivalently last equation can be written as:
fvc,1(µBcr) = R1(µBcr)⇒
∑
j
nHG,1j(µBcr) = n
pt
HG,1(µBcr) . (22)
Eqs. (21,22) enable us to calculate the position of the critical point at baryon chemical
potential µBcr.
For values µB ≤ µBcr the crossover conditions (18) can be fulfilled not only for the pi
family, but for all the families (since Ri(µB) < R1(µB), i = 2, . . . , 15). For µB > µBcr
the chiral mass of the pion family remains equal to the maximum allowed pion mass. The
conservation of the particle number of the pion family can no longer be fulfilled through the
mechanism of the reduction of the mass and, thus, it has to be fulfilled through the expansion
of the system volume, VHG > V˜ . So we are in the region of the 1st order transition. To
ensure the conservation of particle number for the pion family we impose the condition:
VHG
∑
j
nHG,BF,1j(µB) = V˜ n
pt
HG,BF,1(µB)⇒ ver ≡
VHG
V˜
=
nptHG,BF,1(µB)∑
j nHG,BF,1j(µB)
. (23)
We have defined as ver the volume expansion ratio. This ratio is determined by eq. (23) for
µB > µBcr, while it remains equal to one in the crossover. ver is inherited to the rest of the
families. The conservation for the particle number in these families is ensured by:
ver
∑
j
nHG,BF,ij(µB) = n˜BF,i(µB) , i = 2, . . . , 17 . (24)
The last equation determines the chiral masses m˜i(µB) for the particle families different than
the pion family. However it has to be checked for consistency reasons that the condition
m˜i(µB) ≤ mi1 , i = 2, . . . , 17 , (25)
continues to hold in the region of the 1st-order transition, as well.
1 This fact remains the same even we use the value r0 =0.30 fm for baryons and r0 =0.25 fm for mesons as
in one case which was considered in [21].
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FIG. 4: The location of the critical point, µBcr, for different values of r0. For values of r0 <0.205 fm
there is not solution for the pion chiral mass and, thus, we do not show the respective calculations.
It is evident from this description that the pions with the spectrum of the relevant res-
onances play fundamental role in the crossover and the 1st-order region, as well as in the
position of the critical point. Thus, the position of the critical point is determined by the
knowledge of the pion family particle spectrum. The particle spectrum of the rest of the
families do not influence the critical point position. The addition of new resonances in the
spectrum of these families will result in the further reduction of the ratios Ri, depicted in
Fig. 3.
In Fig. 3 we have, also, plotted a graphical solution of eq. (22) (on the transition curve
(16)) for the determination of the position of the critical point, fvc,1(µBcr) = R1, by plotting
the volume correction factor for two arbitrary values of hadron radius r0. The intersection of
this factor with the pion ratio, R1, determines the critical baryon chemical potential, µBcr.
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Since the factors fvc,i are almost the same for all the families i, according to Fig. 1, the
fact that the ratio R1 retains the higher value among all Ri, ensures that the intersection
of the curves fvc,1 and R1 will occur first (at lower µB). Also, as it is evident from Fig. 1,
fvc,1 is slightly lower than the rest of the volume correction factors. This further confirms
our conclusion that the pion family will reach first the relative maximum mass at the chiral
phase.
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FIG. 5: The ratio of the chiral mass for the i family to the respective maximum allowed value, as
function of µB for r0 =0.285 fm. With continuous lines we depict calculations for particle families,
while with solid circles we depict calculations for antiparticle families. In the embedded graph the
curve corresponds to both the η and η′ family, since eq. (15) holds.
We proceed by considering the dependence of the position of the critical point on the
radius r0. In Fig. 4 we depict the baryon chemical potential position of the critical point
for different values of the hadron radius r0. For values r0 ' 0.294 fm the critical point is
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FIG. 6: The ratio of the hadron gas or chiral family density to the minimum chiral density as
function of µB for r0 =0.285 fm. In the crossover region the hadron gas and chiral densities are
equal, corresponding, thus, to the same curve, while they differ in the 1st order transition regime.
Densities of particle families are depicted with lines, continuous for the chiral case and slashed for
the HG case. Densities of antiparticle families are depicted with circles, solid for the chiral case
and open for the HG case.
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FIG. 7: Up: The chemical freeze-out curve (16) considered in our calculations as the HG-chiral
phase transition. Also, shown the critical point which corresponds to r0 =0.285 fm. Down: The
volume expansion ratio defined as the HG phase volume to the chiral phase volume as function of
µB, for r0 =0.285 fm.
located at zero baryon chemical potential, while it vanishes for higher r0 values. Decrease of
the radius r0 shifts the critical point at higher values of chemical potential µB. So a solution
for a critical point exists, only for r0 >∼ 0.294 fm. Also, we observe that the exact position
of the critical point in the region 0 < µB <∼ 200 MeV is very sensitive to the choice of r0.
However, we have to impose the condition that the solution for the chiral masses is positive
for all the families. The lowest value for these masses are found for µB = 0 and this value
decreases for decreasing r0. Also, the first mass that reaches the zero value, as r0 decreases,
is the chiral mass of the pion family. This imposes a constraint on r0. We find the lowest
allowed value of r0 to be ∼0.205 fm, which gives an upper value for the position of the critical
point at µB '627 MeV. These findings provide a lower limit for the critical temperature of
103 MeV. Thus our treatment excludes scenarios with very low critical temperatures [22].
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We shall finish this section by presenting full calculations of the quantities involved for
an arbitrary solution for the critical point, which corresponds to r0 = 0.285 fm. In Fig. 5 we
present the masses that solve eq. (11) for every family i. Since the masses differ considerably
among the families, we choose to depict the ratio of the chiral mass to the respective mass of
the ground HG state. As it can be observed the chiral mass of the pion family starts at its
minimum value at zero baryon chemical potential, it reaches the maximum value at µBcr and
then remains constant. The chiral mass of the rest of the families in general increase with
the increase of µB. A general observation is that all the masses tend for zero temperature
(maximum value of µB) to the physical mass of the lowest mass hadron in each family.
Another observation is that the solution between the particle and antiparticle family differs
slightly.
In Fig. 6 we present the calculations for the densities of each family in the HG and chiral
phase. To present values in wide range, the family densities are divided by the respective
minimum density at the chiral phase n˜i,min (calculated with the maximum value of chiral
mass). For µB < µBcr (crossover region) the densities between the HG and the chiral phase
are equal (the slashed and continuous lines are identical at this region). For µB > µBcr (1st
order transition) the density in the HG phase is lower than the density in the chiral phase,
since the volume expands as the system crosses from chiral to HG phase. This is evident by
the fact that the HG curves (slashed lines) are lower than chiral curves (continuous lines).
The densities between particle-antiparticle (with the respective normalization) are almost
equal. All the densities for low temperatures tend to the respective n˜i,min.
Also, Figs. 5,6 reveal that the Ω, Ω¯ families exhibit irregular behaviour. The chiral masses
of these families attain higher values than the maximum allowed ones. This is due to the fact
that the HG densities for these families at the crossover region are lower than the minimum
chiral density values. This is evident from the fact that the HG curve of these families is
the only curve that is below the unit value. These observations suggest that a considerable
part of the mass spectrum of these families is missing. This part, if it were present, would
drive the hadronic densities of the families at higher values.
Finally in Fig. 7 (lower part) we show the calculation for the volume expansion ratio
ver =
VHG
V˜
for the discussed value of r0. This ratio remains equal to one at the crossover,
while it grows larger than one in the first order transition territory. In the upper part of
the same figure we show the transition curve T = f(µB)(eq. (16)) on which we carry all the
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calculations between the two phases in equilibrium. On this transition curve we depict the
position of the critical point which results for the specific choice of r0 =0.285 fm.
IV. CONCLUSIONS
Guided by the lattice calculations suggesting that the QCD chiral restoration is com-
pleted, as temperature rises, well before the completion of deconfinement, we develop an
effective description of the QCD state for temperatures near and above the chemical freeze-
out curve. For the phase for temperatures below the chemical freeze-out curve we adopt the
hadronic resonance gas with the Bose/Fermi statistics and thermodynamically consistent
volume corrections. The chiral phase consists of a few quark condensates, each of which
share the same quark content with a group of hadronic resonances which have different
masses. Between the two phases the particle number conservation is imposed as a minimum
requirement of a phase transition, a condition which leads to the variation of the chiral
masses along the transition curve.
Using the same radius responsible for the repulsive interaction, r0, for all hadrons, we find
that the pion particles with their partner resonances play the leading role in transforming
the order of the transition from higher order to first order and in developing a critical point.
Thus, the exact knowledge of the specific spectrum of the rest of the hadronic particles is of
secondary importance. The exact position of the critical point depends on the value of the
radius, r0. This position is found to be in values of baryon chemical potential lower than
627 MeV or temperature in the range of 166-103 MeV. Thus, our work is compatible with a
critical point at moderate baryon chemical potential, in contrast with other recent studies
which predict a chiral critical point at very low temperatures [22].
All our calculations, also depend on the exact position of the chemical freeze-out curve
which is considered as the transition curve. It is argued that the chemical freeze-out temper-
ature at zero baryonic density is lower than 166 Mev (∼157 MeV) [15], which was considered
in this work.
The group of the chiral QCD states, considerably fewer than the abundance of the
hadronic states existing at lower temperatures, can be taken as starting point for the effective
20
description of the EoS at higher temperatures, where quark deconfinement is completed.
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